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The numerical simulation of the one-dimensional displacement of oil by water in a vertical
porous slab is studied. The water saturation is governed by a quasilinear diffusion—convection
equation. The diffusion term vanishes for the extreme values of the saturation. The transport
term may be nonmonotone (for small or zero water injection rates in presence of gravity).
Various boundary conditions are used: a generalized Dirichlet condition (for the pure
transport case), and a condition taking into account the so-called “weII effect” on the
production boundary (for the case with capillary diffusion).

The above problem is solved using discontinuous-finite elements together with mixed-finite
elements, following the ideas of Lesaint, Raviart and Thomas. Godunov’s generalization of
upstream weighting is also incorporated.

A computer code of this algorithm works satisfactorily under a wide range of experimental
conditions, going from the pure diffusion case (/' =0) to the pure transport case (a=0).
Results of various runs on idealized data as well as on laboratory data are shown.

1. INTRODUCTION

We shall discuss a numerical simulation of one-dimensional immiscible
displacement in the presence of gravity. This type of displacement is currently
performed in oil industry laboratories for the determination of the properties of core
samples obtained during the drilling of wells. Such an experiment is shown in Fig. 1,
where it clearly appears that gravity becomes the leading phenomenon for a
sufficiently small water injection rate. The presence of gravity yields a nonmonotone-
transport term in the saturation equation. The saturation equation contains a
degenerate nonlinear diffusion term due to capillary forces.

The relative magnitude of those two terms varies from the predominance of the
transport term (under field condition, or in high-speed laboratory displacements) to
the predominance of the -capillary diffusion term (in laboratory imbibition
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PRODUCTION OF Q1L FIRST THEN OIL * WATER

AFTER THE BREAKTHROUGH
A ’ TIME,

frm——em POROUS CORE SAMPLE INITIALLY
SATURATED WITH OIL

GRAVITY

INJECTION OF WATER

FiG. 1. A typical experiment of displacement of oil by water in a one-dimensional core sample.

experiments). The numerical algorithm should correctly solve the two limiting cases
of the pure transport (or the Buckley—Leverett approximation, i.e., no capillary
pressure) and of the pure diffusion (i.e., zero-fractional flow). We present a method
using the recent results of Bardos—Leroux—Nedelec [1] for formulating the boundary
conditions in the pure transport case, the finite-element methods of Raviart-Thomas
[2] and Lesaint—-Raviart [3] for approximating the diffusion and transport terms, and
the technique of Godunov [4] adapted to finite elements for treating the case of
nonmonotone first-order term. Moreover, we apply the boundary condition on the
production end introduced by Chavent [5,6]. This is the first time (to our
knowledge) that all of the above techniques have been simultaneously employed for
the simulation of immiscible displacement. The numerical technique is able to
efficiently simulate displacements under the whole range of physically admissible
conditions:

(i) large, slow, or zero water injection rate,

(ii) possibility of exchanging the injection and production end during the
experiment,



1-D WATER FLOODING PROBLEM WITH GRAVITY 309

(iti) presence or absence of capillary forces,
(iv) presence or absence of gravity, and

(v) various boundary conditions including those which take into account the
so-called “well effect” at the production boundary.

We refer to the report of Salzano [7] for more details concerning the implemen-
tation of the techniques presented here. This has been used by Cohen [14, 17] for the
construction of a code for automatic adjustment of relative-permeability curves. This
analysis can be extended to the two-dimensional case (cf. the work of Jaffré [15, 16]).

2. MATHEMATICAL FORMULATION OF THE IMMISCIBLE DISPLACEMENT PROBLEM

Denote the space coordinate by x, and the reduced water saturation by u(x, t), such
that

0<ulx, )< 1. (1)

Suppose that the mean filtration velocity q(t) is known. This is the case for
experiments with imposed water injection rates. In the case of experiments with
imposed pressure drop AP, the mean filtration velocity ¢(¢) is given by

b dx . b p(u(x, t))
1O o =] T )

so that g(¢) has to be updated as u changes. This requires only minor changes in the
solution of the equations, and we shall omit this case here.

The conservation law and the Darcy law for two-phase flow for incompressible
fluids lead to the following equation for the saturation u (cf., e.g., [8, 9]):

ou 0

% (K%“(“)) +%(b(u)4(f)+6‘(u)q1)=0. 3)

The expressions of a, b, and c in terms of the relevant physical quantities are given in
the Appendix. We shall discuss their typical shape and their physical effects.

a(u) is monotone increasing, with a’(0) = a’(1) =0, and describes the capillary
diffusion,

b(u) is monotone increasing, with #(0) =—1 and b(1) = +1 and describes the
water transport caused by the mean filtration velocity q(t),

c(u) is nonnegative, with ¢(0)=c(1)=0, and describes the water transport
caused by the gravity.

We define the function

Sw)=b(u)q() + c(u)q, 4)
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and the auxiliary variable
r=-K 9 a(u) (5)
B ox

so that Eq. (3) may be rewritten as

du or ¢
¢E+5+8_x[f(u)]=0’ (6)

where f is monotone increasing or not depending upon the absence or presence of
gravity. The water and oil filtration velocities ¢, and ¢, are given by

9.0, 1) =q(0) + f(u) +r M
9,0x, 1) =q(t) — fu) —r. @®)
The initial condition associated with (6) is
u(x, 0) = uy(x), Vx € 2. 9)
To specify the boundary conditions for (6) we have to distinguish two cases.

Case 1. a=0, ie., pure transport equation. Suppose we are given Dirichlet data
u,(s) on the boundary I'={a, b} of Q. It is well known (cf. [18]) that the usual
Dirichlet boundary condition

u(a, t) =u,(a), ul, ) =u,b)

cannot be satisfied for a first-order transport equation. For instance, if f'is monotone
increasing, the “good” condition is

u(a, t) =u,(a), no condition at x =b. (10)
Conversely, if /' is monotone decreasing, the “good™ condition is
u(b, t) = u,(b), no condition at x=a. (11)

When f is nonmonotone, the sign of f’(u) on the boundary I" of 2 is not a priori
known. It depends on the value of the solution u, which, of course, is unknown.
Hence, it is not possible to know a priori the part of the boundary when the boundary
value can be specified, and the part of the boundary where no condition can be
imposed. (Those two parts of the boundary do not necessarily coincide for
nonmonotone f, with the water injection and production parts.) This problem has
recently been solved by Bardos-Leroux—Nedelec [1], who imposed on the whole
boundary I" the condition

sg(u(s, 1) — k) f(u(s, 1)) — f(K)]v; > 0, VKE I(u(s, 1), uls)), Vserl, (12)



1-D WATER FLOODING PROBLEM WITH GRAVITY 311

where

ve=+1 for s=b i )
= cosine of the “normal” to 22 with the x axis.  (13)
=—1 for s=a

To understand the physical meaning of those boundary conditions, one can rewrite
them as follows: at x = a, condition (12) is equivalent to the condition

either u(a, t)=u,(a),

S(u(a, 1)) — fk)
u(a, t)—k

Yk € I(u,(a); u(a,t)), Ve€(0,T) (12%)

or ua, t) # u,(a) and <0

and similarly at x = b. This means that, on the boundary I of 2 (cf. Fig. 2) either u is
“continuous” (i.e., the Dirichlet condition is satisfied) or u is “discontinuous” and for
every k in the range of discontinuity of u, the Rankine~Hugoniot direction of
propagation of the discontinuity between u and k is outward from Q.

Bardos et al. have shown in [1] that system of equations (6) (with r = 0), (9) (12),
or (12') is well posed in the sense that it admits a unique weak solution satisfying the
entropy condition. Moreover, condition (12) or (12’) is physically relevant in the
following sense: the unique corresponding solution is the limit, as ¢ —» 0, of the
solution u, of the parabolic equation obtained by adding an e4u diffusion term and
by imposing on I the usual Dirichiet condition u =u, (cf. [1] for the proof). This
relevancy shall be confirmed numerically in Section 5 for the case of separation by
gravity of two immiscible fluids in a vertical core sample.

In Section 3 we shall show that condition (12) or (12’) is very easy to approximate
numerically.

Case 2. a#0, ie., diffusion + transport equation. As in any difussion equation,

4 A
u
u(a,t)
u_{a) u <+ for every k € I]ue(a),u(a,t)[
e
u(a,t) -+ k
U (2) —
> —
RN
either or

Fic. 2. Graphical representation of the Bardos-Leroux—Nedelec boundary condition for
nonmonotone first order equations.
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one can presumably take Dirichlet, Neumann, or unilateral boundary conditions for
Eq. (3). The presence, however, of the capillary pressure

P, —P,=P(u), (14)
where P (u) satisfies

Piw)>0  for u€(0,1),
P.(u,)=0%

(which cannot be neglected as it is directly responsible for the presence of the
diffusion term!) and the continuity requirement of both water and oil pressure P, and
P, across the boundary prevent any simultaneous flow of oil and water across the
boundary as long as P, # P,, ie., as long as u# u,. So in order to be physically
admissible any solution u(x, t) must satisfy the pressure continuity requirement:

simultaneous flow of oil and water may occur across the boundary
if and only if the saturation u = u, at that point. PCR

At every point, denote s € I = {a, b}:

ug, ¢,, = trace of water saturation and water filtration velocity,

u,(s) 9,.(s) = given values of the water saturation and filtration,
when needed

(15)

v, =—1 for s=a

s

= cosine of the “normal” to I,
=+1 for s=5

and partition I into I'_ and I', according to the sense of the mean- (oil and water)
filtration velocity q(t) across I':

I'_={s€T|q(t)v, <0} = (overall) injection boundary, (16)
I', ={s€r|q(t)v,> 0} = (overall) production boundary.
The boundary conditions shall be:

* Generally, u, = 1, if u is the wetting phase saturation.
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On the injection boundary I'_

Uy =u,(s) (PCR satisfied if u,(s) = 1), (D)
O, =0,.(5) (PCR satisfied if ¢,,.(s) = O (oil injection)
or if ¢,,(s) = 2q (water injection). (N)

On the production boundary I',

as above, (D)
us<up’ ¢IS(S)VS>O,

V)
(u, —ug)o,,=0 (always satisfies the PCR).

Remark 1. From now on g(f) > 0 so that I'_ = {a} and I', = {b}. §

Remark 2. When u, = 1, the unilateral boundary condition (U) means that, on
the production boundary, the water accumulates until it reaches its maximum
saturation value. This is the so-called “well effect” described in the petroleum
engineering literature. i

Remark 3. Equations (3) and (9), together with one of the above boundary
conditions meeting the PCR, satisfy a maximum principle. This ensures that

O0<ulx, g1 17)

for an adequate continuation of the function f(u) for values of u outside of the [0, 1]
interval. It is then possible to show existence and in some cases uniqueness of a
solution of those equations. We refer to Chavent [5, 9, 10] and Gagneux [11] for the
mathematical study of the corresponding variational equalities and inequalities. I

3. APPROXIMATION OF CASE 1: TRANSPORT EQUATION
Consider the approximation of Eq. (6) (with r= 0) together with the Dirichlet
boundary conditions (12), (13), and initial condition (9). Discretize the space domain
22 = (a, b) into I intervals (x;,x;,,), i =1, 2,.., and the time domain |0, 7| into N

intervals [¢",t"*'] n=1,2,.., N of length At. Let k be a given nonnegative integer
(we shall use k =0 and k =1 in the numerical examples), and define:

th {UhELZ('Q)Ivhl(x.'.xul)e‘?k’ i= 1’2""!1}’ (18)

Ugp €V, an approximation to the initial function u,. (19)

Let (u; € V,,, n=1,..., N + 1) be the desired approximation of u(x, t) (cf. Fig. 3). At
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Fic. 3. The function u} approximating u(-,¢") in the space V,, and the boundary data u(a) and
u(b).

every point of discontinuity x; of uy, i =1,...,I + 1 (hence, including a and b) define
the Godunov value £} (see Godunov [4], Leroux [12]) by
uf"=uj(x; + 0, 1", i=1,..,1, utl = u,(b),
uy"=u,a), u; "= up(x; —0,t"), i=2,.,01+1,
sglu " —ui ") fED) < sg(ui" —u; ") f(k),
Yk € Iu; " u"), Vi=1,2,, 1+ 1.

(20)

Remark 4. As only f(&;) appears in the computations, the possible nonuniqueness
of &; defined by (20) does not cause a problem. This practical determination of the
&Ps is easy, e.g., by exploration technique if f is continuous and piecewise linear. [

Remark 5. Let us denote by #"(x, t), x € R, t > t", the exact solution of Eq.(6)
(with » = 0) on R with initial condition
4" (x, t")=u,a), for x<a,
=uj, for a<x<b,
= u,(b), for x>0

Then one can check, using the method of characteristics for the calculation of
4" (x, t), that

if &7 is uniquely defined by (20), then #"(-, t" + 0) is continuous at x = x;,

and, then &} = 4" (x;, " + 0), 1)
if Eq. (20) admits p solutions &, <& < -+ <&, then #°(-, 1" + 0) is
discontinuous at x = x; and jumps from &7, to &7,

Hence, the Godunov value &} simply represents the value of the solution that would
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occur at x; at time ¢" + 0 if the equation were exactly solved starting with the initial
value uj.

If f is monotone increasing (resp. decreasing) on I(u; ", u;"), then £} coincides
with the usual upstream value u; " (resp. u;").

We define the sequence {u,€V,, n=1,2,.,N+ 1} by
Up = Uy (22)

J-:m & uZ At— uj, vdx + Jf: +1 3f(uh) v dx + (f(u1+") f(é")) v(x)

(f(uz+]) f(ér+l )v(xi+l)=0’ (23)
Yo € X, Vi=1,..,1, Vn=1,.,N

where the ¢li=1,..,I+1, n=1,.,N, are computed from u} and the boundary
values u(a), u.,(b) by (20).

Remark 6. Boundary conditions (12) and (13) are taken into account very
simply in scheme (22), (23) by the fact that the Godunov values &, and &, at
x,=a and x,,,=0b are calculated using the “Dirichlet data” u.(a) and u,(b) as
“exterior values” (cf. (20)). For the continuous case, if we define Godunov values
£, () and &,(¢), ¢ € [0, T] similarly to (20), then boundary conditions (12) and (13)
can be rewritten as

Slu@+0,0)=f¢()), Yt€[0,T], (12")
Su®-0,0)=r(C0), Vi€[0,T], (13")
which implies that the solution has to meet continuously with the Godunov value & on

the boundary when this values is unique This property is only approximately
satisfied by the solution u} (generally, u;"# &7 and u; ", #¢7,,). |

Remark 7. The proper discretization for the water and oil filtration velocities o,
and ¢, defined in (7) and (8) is

Pualx, t"Y=q(") + f(&]), i=1,2,,1+1, n=12,..,N+1, (7")

¢2h(xi’ t") = q(t") _f(é;')! i= 15 25---, I+ 1, n= 1, 1’..-, N‘+‘ 15 (8/)
and one can easily check that scheme (22), (23), together with (7') and (8’), satisfies
the mass balance exactly. [

An alternative formulation of (23) is obtained by integrating by parts the term
containing &f/ox

X gttlyn
Oy — [ 1) S+ S ) 05 ) — SED) 0(x) =0,

tx; X; (23/)

voe sk, Vi=1,2,..,1, Yn=1,2,.,N.
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We now examine, for a regular space discretization of step size h, the different
schemes obtained by choosing k=0 and k=1 in definition (18) of ¥V, (all those
schemes are explicit (as Scheme (22), (23) is) and hence, require a Courant—
Friedrichs—Lewy type condition in order to ensure stability).

k = 0: Finite Differences
V, = space of piecewise-constant functions on each interval. (24)

Define

ui, 1, = (constant) value of u, on (x;,x;, ), (25)
then scheme (22), (23) reduces to

1 ,
Ui =Uon,iv 1720 i=1,..,1, (26)

“?++11/2 — Uiy, SELD)—SED
4 + A

=0, i=1lu,1, n=1L.,N (7)

with &, i=1,2,...,I + 1 defined by (20).

This is the Godunov scheme for finite differences, which has been extensively
studied by Leroux in his thesis [12]. Leroux proves, under the Courant—Friedrichs—
Lewy stability condition, the convergence of the u}, defined by (26) and (27), to the
unique solution u of (6) with » =0 and (9), (12), and (13) satisfying the entropy con-
dition.

This scheme is known to satisfy a discrete maximum principle: if the initial and
boundary data u,, u,(a), u,(b) belong to [0, 1], then u, does, too. There is no need
to numerically define the function f(x) for values of u which do not belong to [0, 1],
as the computer program never requires such an evaluation.

Finally, notice that, using Remark 5, the above scheme for monotone functions f
reduces to the usual upstream weighting finite-difference scheme.

k = 1: Linear-Discontinuous Finite Elements
Now

V, = space of piecewise-linear functions on each interval. (28)

Equations (23) and (23') give, using the Simpson formula for the calculation of the
integrals in (23) bis, with the notation of Fig. 3

up "t " 4 S@") + Y Wiy ap) + @) - Y E ) —YED

o~ p =0 (29)
q,uﬁ"l*:; Uiy + —f(u?")—4f(u§’+(1/z>)—J;(uf+"1)+4f(é2'+1)+2f(éi-') ~0 (30)

with £ defined by (20) and u,, ,,, = 3(u;" + uj; ).
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In the linear case (f(u)=u) this scheme reduces to that of Lesaint [3], who has
proven that it is convergent and of order two if u is regular. If 4¢/h — 0 scheme (29),
(30) tends to one of the second-order schemes proposed by Van Leer [13].

In the nonlinear case convergence of u, to the minimum enttopy solution has not
been proven. However, the construction of the scheme suggests that it will be well
behaved on that point. This is confirmed by the numerical results (cf. Section 5). As
scheme (29), (30) does not satisfy a maximum principle, there is no guarantee that u},
will remain between 0 and 1. Generally, it does not. So one has to define the function
f) for values of u smaller than zero and greater than one. The choice of the
continuation may significantly influence the efficiency of the scheme. For instance,
for displacements experiments (g > 0) the jfollowing continuation works for 1 >0
large enough with respect to f(1) — f(0) = 29(¢)

S@y= 1)+ Au-1), for u>1, @31
Sw)=f(0), for u<O. 32)

(The same continuation with A = 0 does not work, as the portion of the curves above
u =1 has a speed equal to zero and, hence, never disappears.)

4. APPROXIMATION OF CASE 2: DIFFUSION + TRANSPORT EQUATION

Consider the approximation of the full equation (6) together with (5), initial
condition (9), and Dirichlet, Neumann, or unilateral boundary conditions. In this
case u(-, t) is continuous for almost every t, so it has a trace on I'= {q, b}. We want
to determine

wyeV,,n=1,2,., N+ 1)=approximation of u on (a, b) X [0, T, (33)
(us €R,s€l,n=1,2,.,N + 1) = approximation of the trace of u
onI"x [0, T] (34)
(r; € Qs n=1,2,..., N+ 1) = approximation of r = —K% a(u)
on (a, b) X [0, T}, (35)
where @, is defined by (mixed-finite elements, cf. Raviart-Thomas [2])
Q= {5, EZ°([a, B]) | 54| (x1» X0 ) € FKH 0= 1,2, 1) (36)

The use of mixed-finite elements (i.e., the use of a supplementary unknown r}) for the
discretization of the diffusion term follows naturally from the choice of a discon-
tinuous approximation u; made for u, which was made according to Lesaint’s ideas
Jor a proper discretization of the transport term.

For the determination of (u},u},rj, n=1,2,..,N+ 1) we use the following:
Equation inside (a, b) X [0, T']. Equation (6) is approximated, as in Case 1 of the
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141

a=x; 7 X5 Xi41 X141
Fi1G. 4. The function rj approximating u(-, ") in the space Q,.

pure transport equation, by Eq. (23) or (23’) with an additional term for the approx-
imation of the diffusion term r/dx. This yields

n+1 _uz J'x“l arh

Xity uh B ~Xi41 . 6_1) n ‘
|, *™=% L a Tl T e ) ) )

—fEo(x)=0, VYveF* Vi=1,2,.,I, Yn=1,2,.,N,

where the &7 are given by (20) with the following changes in the definition of u; " and
ufl:

u;"=ug (instead of u,(a)), (38)
utl=uj (instead of u,(b)).
Equation (5) is approximated by
[ risdv=| a@h) T2+ a) @) - aw) 5,60 o

Vs,€Qy, Yn=12,.,N+1.
The water filtration velocity ¢, at point x; is approximated by
Gl Y=g+ fE+7T, i=1,2u,0+1, n=1.,N+1. (40)
Initial conditions (as for Case 1)
Up=1tgy. (22)

Boundary conditions. We have seen in Section 2 that one can have at point s
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on the boundary I = {a, b} of 2 a Dirichlet condition (D) or Neumann condition (N)
or a unilateral condition (U).

For numerical calculations, the unilateral condition (U) reduces either to a
Neumann no-water-flow condition (before the breakthrough, ie., as long as the
resulting boundary saturation u; is smaller than u,) or to a Dirichlet maximum water
saturation condition (after the breakthrough, i.e., as long as the resulting water flow
#1s, is directed out of Q).

So it is only necessary to define, for any s € I' = {a, b}, the discretization of the
Dirichlet and Neumann conditions

Vse€l={a, b}, Yn=1,2,.,N+ 1, either: u} =u,[s), (41D,)
or: 1, =q(t") + (&) + ra(s) = 01.(5)- (41Ny)

Equations (20), (22), (37)-(39) and (41) completely determine the set of unknown
(33)-(35).

Suppose that uj, u7, r are known.
Step 1. Calculate the Godunov value &, i = 1,..., I + 1 using Eqgs. (20) and (38).
"Step 2. Calculate »]*" using explicit equation (37).

Step 3. Using Eq. (39) and boundary conditions (41) all written at time n + 1,

calculate u"*! and ri*!':

For the Dirichlet boundary condition. «7*! is given directly by (D,) of (41)
and then Eq.(39) gives rj*! through the resolution of linear system (possibly
diagonal in the 1-D case with numerical quadrature formulae).

For the Neumann boundary condition. Here, the situation is more complicated.
In Eq. (41N,) both f(£7) and rj(s) depend, in a nonlinear way, on u} (the first one
through (20) and (38), the second through (39)). We shall check directly on the
equation obtained for k =0, 1 that those equations uniquely determine #7*' and rj*'.

We develop Eqgs. (37)-(39) and (41) for k=0 and k= 1.

k =0 (Finite Differences)

Then r, is continuous and piecewise linear on each interval |x,, x,, [, i=1,.., L
Hence, the free variables for r, are r,=r,(x;), i = 1, 2,..., I + 1. Equation (37) gives

& u;l:ll/z;tuh 12 ris lk“‘ ri n f(é;'“)h—f(é:') =0,
(42)
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and Eq. (39) becomes, in matrix form,

" a(ug) — a(ul,)
” [ 5 J L et —ata) | @)
i .

a(ur, 1) — a(up)

where the matrix M is given by

14
6
1 2 0
6 3
M= (44)
2 1
o
5 3
if the integrals in (39) are calculated exactly.
% -
0
1
M= (45)
1
O 1
i -

if the integrals in (39) are calculated using the trapezoidal rule. In the latter case,
Eqgs. (42) and (43) give the usual three-point approximation of the Laplacian.
Suppose now that M is given by (45) and examine boundary condition (41):

Dirichlet condition D,
uy =1u,s), sel'=\a,b)} (46)

and, hence, the right-hand side of (43) is known completely.

Neumann condition N,. From definition (20) of {7 note that f(E7) is a function
of the left- and right-hand values u; " and u;'" of u at x;

SED) =0i"u’™). (47)
It is easy to check from (20) that (cf. Fig. 5)

@ is an increasing function of its first argument and

a decreasing function of its second argument. (48)
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f(u)

;su)

4—\
8(u
u

- u
Y3

—
—
(=
~—
c
Il S

FiG. 5. The function 8(u; , -) for two values of #; and function f showing only one maximum.

Condition (41N, ) can be rewritten, using (47), (38), and the first and last equation in
(43) as

Oug, ui'™) + (2/h) a(ug) = $1.(a) — q(t") + (2/h) a(ufy),  for s=a, (49)
Ousy, up) — (2/h) a(up) = $,.(6) — q(¢") — (2/h) a(uj, ), for s=b.  (50)

As o is strictly monotone increasing, Eqgs. (49) and (50) uniquely determine # and
uy once uj is known. This is the case during Step 3 of the above step-by-step solution.

The determination of u) requires one inversion of the nonlinear function
O(-,ui")+ (2/h) a(-). As the functions a and f are generally given point by point,
and linearly interpolated between thoses points, the inversion is done by exploration
techniques.

k = 1 (Linear-Discontinuous Finite Elements)

ry is continuous and piecewise quadratic. The corresponding free variables are
ri=ryx), i=12.,01+1 and r; =10 +x.,,)/2), i=1,2,..,1 (As the
integrals in (37) and (39) involving the functions f and & usually cannot be calculated

exactly with ease, one has to use quadrature formulae). The following choices have
been tested by Cohen [14]:

(i) Trapezoidal rule in (37) and in the right-hand side of (39), Simpson rule
in (39).

(ii) Trapezoidal rule in (37), Simpson rule in (39).
(iii) Simpson rule in both (37) and (39).
As choice (iii) has been shown to give the sharpest front, we shall develop (37) and

(39) for k=1 only with choice (iii) for the quadrature formulae. Equation (37)
becomes:

Eq. (29) with (=3r] +4r{,,,,—r}.)/h added to the left-hand side, and

(51
Eq. (30) with (r] —4r} .+ 3r!,,)/h added to the left hand side, )

581/45/3-2
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and Eq. (39) becomes (with the notation ;" = a(u;"), etc.)
ri=(1/m)[6a(uz) — 3a;" — 4a5, + a; "],
ri=(1/20)—a; " +4al_ ,, +3a;7" = 3a}" —4al, , +aily], i=2,..,1,
Fiva = /M)af" —ail], - i=1,2,..,1,
rin = (/D)[—ai" +4aj,,, + 3ar — 6alup)]. (52)
We now examine the boundary conditions.
The Dirichlet condition (D,) becomes (46) (as for k = 0) which determines the
values of a(u}) and/or a(u}) in the right-hand side of (52).
The Neumann condition (N,) becomes, with notation (47)
Oug, ui'") + (6/h) a(uz) = ¢,(a) — q(t") + (1/m)[3a; " + 405, —a5"),  (53)
Oury, up) — (6/h) a(uz) = ¢,.(b) —q(t") + (/M)|a; " — 4af, \p — 3a ] (54)

which uniquely determines u[, and u; when u} is known.

5. THE NUMERICAL RESULTS

1. The Data

Our numerical tests have been performed using three sets of data: one set of
idealized data (allowing comparison with exact solutions in the pure transport case),
and two sets of laboratory data' (including transport and imbibition experiments with
and without gravity). Hereinafter u denotes the injected fluid saturation.

The Set of Idealized Data (ID)
The data common to the various runs are
a=0, b=1, K=9=1, Unin=0, Unax=1,
SW)=u(l —u) (strongly nonmonotone!) (55)
uy(x) = (b — x)/(b — a), Vx € [a, b]
and the characteristics thét vary from one run to the other are:

(i) the diffusion function a(u), which is either identically zero (for pure
transport runs) or is taken linear: a(u) = 0.1 X u (for runs with diffusion),
(ii) the boundary conditions which shall be specified in each run, and
(iii) the type of approximation (k = 0) or (k = 1) and the space and time step.

! Data considerately supplied by the Société Nationale EIf Aquitaine.
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Remark 8. This set of idealized data models the action of gravity, (with g =1!)
in a vertical core sample (cosy=+1) on two immiscible fluids maintained under
hydrostatic pressure equilibrium (i.e., g(#)=0) and having the following idealized
characteristics (one can think of fluid 1 (resp. fluid 2) as being water (resp. oil).

m=t,=1  p—p,=1

k() =u, ky(w)=1—u (straight-line relative permeabilities),

dp, . . . i
0 (u) =either0 or ——_u(l—u)'

The First Set of Laboratory Data (LD1)

In order to have a strong influence of gravity, we have first chosen gas as fluid I
(injected fluid) and oil as fluid 2 (resident fluid). The pressure drop across the sample
is supposed small enough so that gas can be taken as incompressible. The data
common to all runs are (u = gas saturation)

a=0cm, b=38cm, 0=20cm?
K=83md, ¢=0.1, Un,=0, Uy,
g=980cm/s/s,

4, =0.0128 x 10™ % poises, 1, =0.208 X 10~ ? poises, (58)
p,=00183 g/cm®,  p,=0.6225 g/cm’,

=0.65,

k., (u), k, (u) and p.(u) are the continuous piecewise linear functions of u
shown in Fig. 6. (The gas/oil mobility ratio is 3.64.)

We see from Fig. 6 that the capillary pressure vanishes for the gas saturation
U, = Upin, 50 that the unilateral condition reduces to the simple Dirichlet condition
u = U,,;,. The characteristics that may change from one run to another are:

(ii) the shape of the transport function f(u), which depends (cf. (4)) on the
mean (gas + oil) filtration velocity q and on the cosine of the angle y of the x axis
with the vertical direction oriented downward as shown in Fig. 7,

(ii) the diffusion function a(u) which is either that of Fig. 6 or taken equal to
zero,

(iii) the boundary conditions, which are choosen according to Section 2, and
shall be specified for each run, and

(iv) the initial condition which can be either

#o(x)=0 or Uy(x)=0.65 % (b — x)/(b —a). (59)
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A K Pl-P2 = pc (bayres)
I <A
1 oS4
7x 10
oil
gas
.22
S u
0 65 0 .65
Ae(u) Abw)
1.23x 10 1+ f—
65
. Y
0 .65
As(W .65
1-.14x103

FiG. 6. The relative permeability and capillary pressure curves for the first set of laboratory data
(gas and oil) and the corresponding function a(u), b(u), and c(u) used in the numerical calculations.

The Second Set of Laboratory Data (LD2)

To simulate imbibition experiments and to illustrate the effects of the unilateral
boundary condition in the case where it does not reduce to a Dirichlet condition we
use a second set of laboratory data corresponding to the displacement of oil (fluid 2)
by water (fluid 1).

The data common to all runs are (¥ = water saturation)

a=0cm, 0 =45 cm?,

K=231md, ¢=0328 U, =024, U

max = 0.76,
g=980cm/s/s,
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SEGREGATION BY GRAVITY: alt) =0 DISPLACEMENT : q(t) = .615 10-4cm/;4]
Ll el el = . . . ki

0 .65
b
-1

cosy =1

cosy = -1

//’0

FiG. 7. The shape of the function f(#) and the chosen continuations out of the (0, 0.65) interval for
different values of ¢ and cos y (first set of laboratory data: gas and oil).

4y =0.46 X 10~ poises,  u, = 1.92 X 1077 poises,

p,=12g/em?,  p,=0.5g/em’,

k,,(u), k,,(u), and p.(u) as shown on Fig. 8 (the water/oil mobility ratio is 0.58).
(60)

The corresponding functions a(u), b(u), and c(u) are similar to those of Fig. 6 (but

with ¢ > 0, instead of ¢  0) and are not shown here. The capillary pressure vanishes

for u = U,,,,, so that the unilateral boundary condition shall cause an accumulation

of water against the production end. The characteristics that shall vary from one run
to the other are:

(i) the magnitude of the capillary pressure (cf. Fig. 8),

(ii) the length of the sample: b=15.5cm for imbibition experiments and
b =31 cm for displacement experiments,
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A
.888\"r
/ oIL
-4*10“ IN EXPERIMENT 2
(IMBIBITION)
19 -36x10" N expervent 4
WATER (DISPLACEMENT)
oy
u
24 76

FiG. 8. The relative permeability and capillary pressure curves for the second set of laboratory data
(water and oil).

(i) the shape of f(u), which depends on g and cosy. The two following
combinations are used:

g=0, cosy=0, and cosy=1 (imbibition experiment),
q(t)=0.71 X 10~° cm/s, cosy=0 (displacement experiment),
(iv) the boundary conditions, and
(v) the initial condition, given by (59).

The characteristics of each run are indicated hereon in by this scheme where the

water

/la>0
ID /
/ q>0

ie (D) = O

arrow indicates the choosen orientation of the x axis; “water” (resp. “oil” or “gas”)
indicates that the corresponding Dirichlet condition (in the sense of (12), if @ = 0) is
used; “@,,(b)=0" (resp. “¢d,.(b)=2¢") indicates that a no-water or no-gas flow
(resp. a no-oil flow) condition is used; “unilateral” indicates that a unilateral
condition (U) is used, and ——— indicates the initial condition; “ID” (resp. LD1 or

or
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LD2) indicates that idealized (resp. laboratory) data are used; a > 0 (resp. a =0)
indicates that capillary pressure is taken into account (resp. neglected); and ¢ > 0
(resp. ¢=0) indicates that a displacement (resp. imbibition or segregation)
experiment is being simulated.

ll' qg=0
ID s’
/ a =10
'I
water

2. Comparison Between the Finite-Difference Scheme (k = Q) and the Finite-Element
Scheme (k = 1) on the Pure Transport Case for ldealized Data

The analytical solution of the problem is shown at various times in Fig. 9. Due to
the effects of gravity, the water which is in the top of the sample tends to descend,
thus filling up the bottom. At time ¢ > 1.5 one arrives at a stationary solution so that
the top half of the sample is full of oil and the bottom half is full of water. There are
no water flows through the lower and upper faces, as ¢, = f(u)=u(l —u)=0 for
u=0and u=1.

The result obtained using a finite-element scheme, where one has A =0.1 and
At =0.05, are most satisfactory. The computed solution at time ¢ =0.75 is shown in
Fig. 10. Note that the discontinuities are well represented. The CPU time on a
PDP11/40 is 1.4 s for each time step.

A finite-difference scheme has been applied to the same example, with the same
number of numerical unknowns with A = 0.05 and 4¢ = 0.05. The solution obtained at
time ¢ = 0.75 is shown in Fig. 11. The discontinuities are more smeared than with the

UnN
1 I N
\-
\-
\-
\-
~
N -
m t <2(b-a)
S
m
'«
\-
~
B '\t'=0
~
3 '~
t >3 (b-a) '\‘
\c

0 1. T x

Fi6. 9. Analytical solution.
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I‘“\~‘ t=75
D . \ \\
e

4

FiG. 10. Calculated solution by scheme with k= 1.

finite-element scheme. The CPU time for one time step is 1.09 s. To obtain as sharp a
front as the finite-element method, it is necessary in the finite-difference scheme to
take #=0.02 and A4¢t=10.02. The CPU time increases to 3.8 s for one time step
(about three times the CPU time for one time step of the scheme with k= 1). Only a
finite-element scheme shall be used hereafter.

u,r

bt e - v = - —— = —

| Eeterdibudaiatien it 4

|
|
/

FiGc. 11. Calculated solution by scheme with £ = 0.
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3. Experiment 1: Segregation by Gravity

In this experiment, we study the effect of gravity on two immiscible fluids of
different densities contained in a vertical core sample insulated at both ends. The
total flow 2g(¢) of the two fluids is, necessarily, equal to zero, so that f(u) =c(u)q, is
strongly nonmonotone (cf. (55) for ID case and Fig. 7 for the LD1 case). One
analyzes this case with and without capillary pressure, and compares the obtained
results both on idealized and laboratory data.

Case 1. Absence of capillary pressure (@ =0).

0il gas
’l q= 4] ,
, S/ LD
)] / o =0 ;.
s /
water oil

As in Section 2, a =0 requires generalized Dirichlet condition (12), and so we
cannot directly impose a no-water or no-gas flow condition at the two extremities of
the sample. So we have supposed that the sample was in contact at the top with the
lighter fluid and at the bottom with the heavier fluid. This choice is justified by

Remark 9. As fis equal to u(1 — u) for the ID case or has the shape indicated at
bottom left of Fig. 7 for the LD1 case, one can check that the computed Godunov
values £} and &}, at x=a and x = b are

& =u,(a)= Uy aslongas u" < Upay»
cro1=ub)=Upin  aslongas up/, > Upppo
so that the computed water flow satisfies (as practically, u;, <U,,, and
ul_+n1 > Umin)
m@)=q@) + /() =0, Vn,
¢re1b)=q() + [/ 1) =0, Vn
This means that when f has the above-mentioned shape and when the Dirichlet
condition (in the sense of (12)!) u=U,;, at x=a and u=U,,,, at x =5 are used,

the numerical solution behaves so as to exactly satisfy a no-water and no-oil flow
condition through the two extremities of the core sample. [

We now turn to the numerical results

Idealized data. This example was presented in Section 5.2. The calculated
solution at time t=0.6 s (—) as well as an asymptotic one are presented in Fig. 12
(--+, t = 003 ---, exact).
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Fi1G. 12. Experiment 1, idealized data: water saturations (a = 0).

Laboratory data 1. The solution behaves in a similar way: the gas tends to
accumulate at the top. Figure 13 shows the solution at times ¢ = 3200s (—), 6400s
(---), and 11,200 s (---).

Remark 10. As mentioned at the end of Section 3, the scheme (with k=1) is
nonmonotone, so that the computed saturation may not be bounded within [U,,,,
Umax| (e.g., example near x =0 and x = 1 in Fig. 12). |

Case 2. Presence of capillary pressure (o # 0).

‘Ple(a)=0 ?)6(b)=0
Il q = ,l
4 ’
Dy . N LD1
4 /
P1e(b)=0 ?e(2)=0

We can now use the no-flow boundary conditions.

FiG. 13. Experiment 1, first set of laboratory data: gas saturations (a = 0).
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0 1

FiG. 14. Experiment 1, idealized data: water saturations (a # 0).

Idealized data. The solution will not be discontinuous due to the effects of the
capillary pressure, but is similar to Case 1. The water concentration at x = a tends to
zero, and at x =5 tends to one. The stationary solution is computed at =6s.
Figure 14 represents the solution at time f=0.6s (---) and its stationary
configuration. A comparison between Figs. 12 and 14 is useful in analyzing the
effects of diffusion.

Laboratory data 1. The observation made for the idealized data can be
repeated in a similar way. The top portion fills up with gas, the oil accumulates at the
bottom. The gas saturation at top (x =b) comes very close to, but does not quite
reach, maximum saturation. The calculated solution at time ¢ = 3,200s (—) 11,200 s
(---), and 20,800 s (.--) is shown in Fig. 15.

Remark 11. If we denote by u_ (f) the steady-state solution, given by
Pt (x)) — Pe(us(@)) = (P — p) 8(x —a) cos y (61)

the shape of the saturation contour for large ¢ tends to the shape of the capillary
pressure curve (compare the contour ¢ = 20,800 s and Fig. 6). 1

-
&5 b -
: .-
- -
- -
\ ———— -
————— -
. - -
-

FiG. 15. Experiment 1, first set of laboratory data: gas saturations (a # 0).
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4. Experiment 2: Imbibition With and Without Gravity

In this experiment, we analyze the imbibition phenomenon, using the second set of

laboratorv_data (water and_oil) with_and_without_gravity, Consider_a_core samnle ‘
cexy 4

Case 1. Horizontal sample.

LD2

-

In this case, f(u)=0, a pure diffusion equation. Due to the effects of capillary
pressure, the water enters the sample, and slowly advances toward x =b,. The
saturation contours after 120, 200, 280, 360, and 438 h are represented in Fig. 16.
Figure 17 shows (p,(a)) the water flow or oil production rate through x = a (mm’/h)
at various times.

Case 2. Vertical sample.

water

a>0
LD2
9=0

¢1e(b)=0

Now f is given at bottom left in Fig. 7. This case is interesting because of the
importance of the effect of gravity. Once the water has penetrated the sample through
the effect of capillary action, it comulates at the bottom of the sample through the
effect of gravity (Fig. 18). Figure 20 shows the water saturation contours after 280 h
with horizontal and vertical samples. Figure 19 shows (¢;(a)) the water flow or oil
production rate passing x =a (mm*/h) (cf. Fig. 17).

.76

24 | 120h -
0 15.5 cm

Fic. 16. Experiment 2, imbibition without gravity: water saturation contours.
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A ‘pl(a)

t

514

0 438 Rurs

F1G. 17. Experiment 2, imbibition without gravity: oil production rate.

Fic. 18. Experiment 2, imbibition with gravity: water saturation contours.

A (2)

9 ¢

-

0 438 hours

Fic. 19. Experiment 2, imbibition with gravity: oil production rate.

.76

vertical sample

horizontal“sample x

—

ISt;m

.24

FiG. 20. Experiment 2, comparison between imbibition with and without gravity.
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5. Experiment 3: Permanent Counterflows

This experiment is concerned with counterflows in a sample with the top in contact
with the heavier fluid and the bottom with the lighter one. We shall investigate two
cases with and without capillary pressure, using both the idealized data and the first
set of laboratory data (gas and oil).

Case 1. No capillary pressure.

water o1l
// @=0 /
/7
ID J q=0 J LD1
/ /
oil gas

Runs on idealized data (f(u) = u(l —u)). The analytical solution of this problem
is known, as shown in Fig. 21 (---, t=0; ---, t = o0). The water at the top of the
sample tends to descend. This creates counterflows so that there is displacement of
the oil which tends to rise. The solution tends to a steady state where water and oil
are simultaneously present and flowing in opposite directions. In Fig. 22, the obtained
solution at times ¢ = 0.4 (—) and ¢t =25 (---) is compared with that shown in Fig. 21.

Runs on laboratory data 1. The solution is similar to the runs on idealized data.
In Fig. 23, we show the computed solution at times = 3200s (—) and 11,200s

(=)

0. ] 1,

FiG. 21. Experiment 3, idealized data: analytical solution (a = 0).
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0 ' I

FiG. 22. Experiment 3, idealized data (@ = 0): water saturation.

Case 2. Presence of capillary pressure.

water o0il
/
d]a>0 /’
| /) LD1
S q=0 |7/
oil 9as

Figure 24 shows the saturation contours at times t =0.4 s (—) and 2 s (---). These
curves are very close to the steady state solution (cf. Remark 11). There are
permanent counterflows of oil and water through the upper and lower end of the

u

4\

FiG. 23. Experiment 3, laboratory data 1, (@ = 0): gas saturation.
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0, 1.

FiG. 24. Experiment 3, idealized data: counter flows (a = 0).

sample: on the upper end, u=1 implies p. =0, and the (PCR) is satisfied; on the
lower end, u =0 implies p, < O so that the (PCR) is not satisfied.

Runs on laboratory data 1. Figure 25 shows the computed solution at times
t=3200s (—) and 11,200 s (---). Compare with Fig. 23 in order to analyze the
effects of diffusion especially at the extremities. In this case, as gas is the nonwetting
fluid, the (PCR) is satisfied at the upper end x = b but not at the lower end x = a.

FIG. 25. Experiment 3, laboratory data: counter flows (& > 0).
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u

FiG. 26. Experiment 4, gas injection through the top: gas saturations.

6. Experiment 4: Displacements of Oil by Gas or Water (laboratory data)

This is the most interesting experiment from the point of view of the simulation
and practical utilization of the results. The oil trapped in the sample is recovered
through injection of gas or water through the x = a extremity. We shall first simulate
gas injection in a vertical or horizontal sample to illustrate the ability of the
algorithm to take care of gravity and to track sharp fronts, and secondly, simulate
water injection in a horizontal sample in order to illustrate the effect of the unilateral
condition.

For all runs, we have a > 0, ¢ > 0, a given gas or water injection rate condition at
x =a and the unilateral condition at x = b.

‘Ple(a)=2q

a>0
LD1
q>0

S —————

unilateral

Gas injection through the top (f(u) given at top right of Fig. 7). The injected gas
penetrates the sample and the gravity tends to retain it toward the top, yielding sharp
fronts. The gas breakthrough is obtained after 12,432s (~3 h 27 min). Figure 26
shows the solutions calculated at times £ = 3200 s, t = 6400 s, and ¢ = 22,400 s.

The accumulation of the wetting phase (here oil) against the production end x = b
caused by the unilateral condition (“well effect”) appears in Fig. 26 clearly. As we
mentioned earlier, the unilateral condition for gas injection reduces to the Dirichlet
condition u = u, = Uy, = 0. The gas flow through x = b appears in Fig. 30.

-65

t = 22,400 s\
X

0 38 cm

Fi1G. 27. Experiment 4, gas injection without gravity: gas saturations.

581/45/3-3
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A
.654
t < 22,400 s
3 \/'\
t = 3200 s\= 6400 $ .
0 38 cm

Fic. 28. Experiment 4, gas injection through the bottom: gas saturations.

Gas injection without gravity (f(u) given at middle right of Fig. 7). In this case the
gas break through occurs after 8460s (~2h 21 min), ie., approximately 1 hour
earlier than when gas is injected through the top. The gas saturation at the injection
end does not attain its maximum value. The gas saturation contours are shown on
Fig. 27, and the gas flow through x = b on Fig. 30.

a>0,g>0

#ﬁe(a)=2q unilateral

LD1

Gas injection through the bottom (f(u) given at bottom right of Fig. 7). Now (cf.
Fig. 28) the transport and gravity forces act in the same direction and the gas arrives
very quickly at the production end (the breakthrough already occurs after 5088 s, i.e.,
l1h 14 min) and does not displace all of the oil contained in the sample (the
maximum gas saturation attained during the experiment corresponds exactly to the
saturation value which maximizes f(x)). The gas flow through x =54 is shown in
Fig. 30.

unilateral

a>0

LDl q>0

¢le(a)=2q

We now turn to the experiments where water displaces oil, using the second set of
laboratory data.

Water injection without gravity: The effect of the unilateral condition. We have
shown in Fig. 31 a few saturation contours around the breakthrough time. For every

a>0,q>0

_ unilateral
#le(a)=20

i 3

LD2
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.65 j‘

top injection
horizontal sample

—\bottom injection
; X

-

0 38 cm

FiG. 29. Experiment 4, influence of gravity on the gas saturation countours after 6400 s.

time ¢" = n At, we have drawn in Fig. 31 both the function u; defined in (33) and the
two numbers (u5, u;) defined in (34) and representing the approximation of the trace
of u(-,¢t) at x=a and x=b.

The effect of the unilateral condition appears in Fig. 31 clearly: as the water
arrives at the production end x =5, it first accumulates there until the boundary
saturation u} reaches the maximum saturation U,,, (for which the capillary pressure
vanishes). The breakthrough time is then defined as the first time this occurs (here,
4144 min). After the breakthrough time, the boundary saturation uj stays at its
maximum value and water starts to be produced simultaneously with oil.

This appears contradictory at first, as the oil filtration velocity through x =15 is
given, after the breakthrough time, by (cf. (4), (5), (8), where ¢,=0 and

b(Upax) = 1),
, ou
(pz(bs t) =Ka (umax) a (b’ t)! (60)
where a,(umax) = [kl(umax) kz(umax)/(kl(umnx) + kz(umax))](dpc/du) ‘(umax) generally
vanishes together with k,(,,), so that ¢,(b, t) should seemingly be equal to zero.

This is not true, as we know from the experiments, and can be explained by the fact
that the saturation derivative (Ju/dx)(b,t) is infinite, which corresponds to the

9.6 fem/h

<—top injection
horizontal sample

bottom injection

t

0 5088 8460 12,432 " seconds

F1G. 30. Experiment 4, influence of the gravity on the gas production curves through x = b.
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.76 4 t=4380 min -

t=3680 min
£=3920 min
t=4144 min

(Breakthrough)

.24

0.5 on

FiG. 31. Saturation contours around the breakthrough time when the unilateral condition is used on
the production end.

For comparison purposes, we have solved the same problem with a boundary
condition which is widély used by oil engineers on production boundaries, (but
violates the PCR), namely,

01(b, 1)/ @b, 1) = (k, (b, )k, (u(b, ))Yuo/u), Vi (61)

which in our notation becomes, for a horizontal sample,
r(b,t)=0, vt (62)

This can be very easily introduced in our code by setting r;,, =0, ¥Yn (cf. Fig. 4).
The results are shown on Fig.s. 32 and 33, where it clearly appears that taking
account of the PCR on the production boundary (i.e., using the unilateral condition)
strongly influences the shape of the water production curves, and gives a precise
determination of the breakthrough time.

Remark 12. The width of the boundary layer generated by the unilateral
condition tends to zero when the maximum capillary pressure tends to zero or when
the injection rate tends to infinity. Hence, the difference between the unilateral

unilateral condition

Ya
‘tun
b
Condition (61) ¥
(Flow rate proportional to mobilities)
.25 i X
30.5 cm

FiG. 32. Saturation contours after 3920 min with two types of boundary condition on the
production end.
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water flow rate

1 cm3/h

unilateral condition—y
condition (61)

A1:
0 4380 min

FiG. 33. Water production rate through x =5 with two types of boundary conditions (the water
injection rate is 2.31 cm®/h).

condition and condition (61) tends to zero under those conditions. So the unilateral
condition can be seen as an extension of condition (61) which remains valid for slow
displacements with capillary pressure.

7. CPU Times

The runs have been made on a digital PDP11/40. In all the runs on realistic data,
one has take # =2 cm. Different CPU times were recorded for various boundary
conditions. For example, for experiment 1 and Dirichlet boundary condition at x =a
and x =5, the CPU time for one time step is 2.36s. For experiment 4 with two
Neumann boundary conditions, the CPU time for one time step is equal to 3.4 s.

6. CONCLUSIONS

An approximation of a one-dimensional guasilinear-diffusion/transport equation
using finite elements is presented. It reduces to the well-established technique of
Lesaint’s discontinuous-finite elements (resp. Thomas’s mixed elements) in the
limiting case of a pure transport equation (resp. a pure diffusion equation). Boundary
conditions well suited to the simulation of 1-D water flooding are incorporated. The
gravitational effects, leading to a nonmonotone transport term, are taken into
account.

Numerical simulation of 1-D two-phase flows under various conditions (ranging
from pure diffusion to pure transport cases, including strongly nonmonotone frac-
tional flow curves and comparisons with exact solutions when available) are
presented, and shown to give satisfactory results.

Work is in progress on the solution of the corresponding inverse problem (cf.
Cohen [14, 17]) and the extension of the above approximation techniques to the two-
dimensional case (cf. Jaffré [15, 16]).
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APPENDIX: NOTATION

| the end of a logical unit (Remark, paragraph, etc.)

2=(a,b) spatial domain, with boundary I" = {a,b}

o cross-sectional area of core sample

T duration of experiment

X, t space and time coordinates

2, K porosity, absolute permeability of core sample

g gravity acceleration

u(x,t) reduced water saturation at point x and time ¢ in Sections 1-4,

0 < u(x,t)< 1; actual saturation in Section S—numerical results,
Umin < u(x9 t) < Umax

Up value of saturation for which capillary pressure vanishes (typically
up =1 if u is the wetting phase saturation)

Uy(x) given initial water saturation distribution

Uy, Uy trace of u on I'= {a, b}

u,(a), u,(b) given Dirichlet data for the saturations on I’

q(t) half (oil + water) filtration velocity at time ¢ (independent of x)

b ”f) delni‘.ty and ‘“S";’.f.‘t‘y of the jth fluid with j = 1 for

(U relative permeability curve | = 2 for oil

kj(u) = k;(u)/u; mobility

d(u) = k,(u) + ky(u)

pu) = (piky(u) + prk,y(u))/d(u)

p.(uy=P,— P, capillarity pressure curve

vdp. k() ky(v)

p(u)= \ du ®) 40)

b(u) = (ko) — ky(w))/d(w)

c(u) = (py — py) k(u) ky(u)/d(u)

cos y cosine of the angle of the x axis with the vertical direction oriented
toward the bottom

q,=Kgcosy

S, t)=q(t)b(u) + q,c(¥) nonlinearity in the transport term

P.(x, 1) water filtration velocity at point x and time ¢

Ps(x, 1) oil filtration velocity at point x and time ¢

rasP1p trace of ¢, on I' = {a, b}

¢..(a), 9,.(b) given Neumann data for water filtration velocities ¢, on I

dv nonlinearity in the diffusion term

7
r(x,t)=—-K P a(u) half (water—oil) filtration velocity caused by capillary diffusion

sg(&)=+1if £> 0, =0 if £=0, =—1 if € < 0 (sign function),
I(a, f) = (min(a, §), max(a, §))
Ila, f] = [min(a, ), max(a, #)]
v, =+1 for s=b,

= cosine of the “normal” to 2 with the x axis
=—1 for s=a,
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S(@)

J6) Rankine—-Hugoniot speed of propagation of a discontinuity
a—p jumping from the value a to the value §
a=x,<x,<--<x,,=b space discretization

h=(b—a)/l=x;,,—x; space step for a regular mesh

O0=t'<r*<...<t"*' =T time discretization

At =1t"*! — " time increment, constant

V(e,B)=

7k space of polynomials of degree less or equal to k in the variable x

V, < L*(2) finite-dimensional space for the approximation of u(-, t)

urev, approximation (in the L? sense) of u(-,¢) in V,

uy, up approximation of the traces u(a, t*), (b, ") of u on I" when they exist,

i.e., when diffusion is present
uttu" right- and left-hand values of u} at x;, i=1,2,.,7+1, with the

conventions
u;"=u,(a) Dirichletdatafora =0,
ul approximation of the trace of u for a # 0,
u,=u, (b) Dirichlet data for a =0,
uj, approximation of the trace of n for a # 0

ufy 1= Up((x; + x;41)/2)

Q, < #°(2) finite-dimensional space for the approximation of r(-, ¢)
ry € Q, approximation of r(-,?)

ri=ryx;)i=1,2,.,1+1

riop =rf(+x,/2), i=1,2,..,1

{} a set
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